SCHRODINGER TYPE EIGENVALUE PROBLEMS WITH POLYNOMIAL 
POTENTIALS: ASYMPTOTICS OF EIGENVALUES 



KWANG C. SHIN 

Abstract. For integers m > 3 and I < £ < m — 1, we study the eigenvalue problem 
—u"{z) + [(— l) e (iz) m — P(iz)]u(z) = Xu(z) with the boundary conditions that u(z) decays 
to zero as z tends to infinity along the rays argz = — | ± in the complex plane, 

where P(z) — aiz" 1 ^ 1 + a 2 z m ~ 2 + ■ • • + a m _iz is a polynomial. We provide asymptotic 
expansions of the eigenvalue counting function and the eigenvalues A n . Then we apply these 
to the inverse spectral problem, reconstructing some coefficients of polynomial potentials 
from asymptotic expansions of the eigenvalues. Also, we show for arbitrary PT-symmetric 
polynomial potentials of degree m > 3 and all symmetric decaying boundary conditions that 
the eigenvalues are all real and positive, with only finitely many exceptions. 



Preprint. 
1. Introduction 

In this paper, we study Schrodinger operators with any polynomial potential of degree 
m > 3 with complex coefficients, under decaying boundary conditions along two rays to 
infinity in the complex plane, and provide asymptotic expansions of the eigenvalue counting 
functions and the eigenvalues. Then we will use these to reconstruct some coefficients of 
polynomial potentials from asymptotic expansions of the eigenvalues, and to show that all 
but finitely many eigenvalues of every PT-symmetric oscillator with a polynomial potential 
are real and positive. 

For integers m > 3 fixed and 1 < £ < m—1, we are considering the non-standard eigenvalue 
problems 

d 2 



1.1) H ttP u(z,X):-. 



+ (-lY(iz) m - P(iz) 



u(z } A) = Xu(z, A), for some A G C, 



dz 2 

with the boundary condition that 

7v (£+1)tt 

(1.2) u(z, A) — > exponentially, as z — > oo along the two rays argz = ± , 

2 m + 2 

where P is a polynomial of degree at most m — 1 of the form 

P(z) = a x z m ~ x + a 2 z m ~ 2 H h a m _iz, aj G C for 1 < j < m - 1. 

The anharmonic oscillators H^ p with the various boundary conditions (jl.2j) are considered 
in [U ESj- The most studied case is when m is even and £ = y, for example, see [U El El 
El El El El]. In this case, He,p is an Schrodinger operator in L 2 (IR). This is self-adjoint if 
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all the coefficients of the polynomial (— lY(iz) m — P(iz) in z are real, and non-self-adjoint 
if a coefficient of (— lY(iz) m — P(iz) is non-real. The case when £ = 1 has been studied 
extensively in recent years in the context of "PT-symmetric theory ]3~] ITI H IT3* | 12*2* ] 12*5]. 

Throughout this paper, we use the integer m > 3 for the degree of the polynomial potential 
and integer £ with 1 < £ < m — 1. We will use A n , depending on the potential and the 
boundary condition, to denote the eigenvalues of Hup, without explicitly indicating their 
dependence on the potential and the boundary condition. Also, we let 

a := (at, a 2 , . . . , a m _i) G C m_1 

be the coefficient vector of P(z). 

If a nonconstant function u satisfies (jl.ljl with some A G C and the boundary condition 
(11.2)1 . then we call A an eigenvalue of H^p and u an eigenfunction of H#p associated with the 
eigenvalue A. Also, the geometric multiplicity of an eigenvalue A is the number of linearly 
independent eigenfunctions associated with the eigenvalue A. For each £ fixed, we number 
the eigenvalues {A n } n >„ in the order of nondecreasing magnitudes, counting their "algebraic 
multiplicities", where the integer n , depending on the potential and the boundary condition, 
is due to our method of proof of Theorem 11.21 In Theorem II .21 we show that for every large 
n G N, there exists A ra satisfying (jl.4)l below. However, we do not know the number of 
eigenvalues "near" zero, and this is why we need to have in numbering the eigenvalues. 

Before we state our main theorems, we first introduce some known facts by Sibuya [23] 
about the eigenvalues A n of H^p. 

Theorem 1.1. The eigenvalues X n of H^ p have the following properties. 
(I) The set of all eigenvalues is a discrete set in C. 
(II) The geometric multiplicity of every eigenvalue is one. 

(III) Infinitely many eigenvalues, accumulating at infinity, exist. 

(IV) When £ = 1 the eigenvalues have the following asymptotic expansion 

2m 

(Y + 1.) X R (n + -) \ m+2 
(1.3) A n = V2 , "V v , V : . 2J [1 + o(l)] as n tends to infinity, n G N. 

V Sin (^) F ( 1+ m) / 

This paper contains results on direct and inverse spectral probelms, and their applications 
to PT-symmetric potential problems. Theorem 11.21 below is the main result, regarding 
asymptotic expansions of "eigenvalue counting functions". The other results below in the 
Introduction are deduced from Theorem 11.21 

Direct spectral problem. Here, we first introduce the following theorem, regarding as- 
ymptotic expansions of a kind of eigenvalue counting functions, where we use multi-index 
notations with 

a = (ai,a 2 , ■ ■ ■ , at m _i) G (N U {0})'" 1 ' 1 , and j3 — (1, 2, . . . ,m — 1). 



Also, we use \a\ = cti + a 2 + ■ ■ • + a m -i, a! = aja^! • • • aw-i' and a a = aT a 2 



Theorem 1.2. For a G C m * ; £/ie eigenvalues X n of H^p satisfy 
(1.4) 



(2n + l)«= ^(a)Al ^ + o(l) 
i=o 

where \_x\ is the largest integer that is less than or equal to x, and where the error o(l) term 

is uniform on any compact set of a G C m_1 , and 

(1.5) 



as n — > oo, 



d^-(a) 



where 
(1.6) 



"4« ELi(- 1 ) ( ' +1)fcx nw,fc6i,fc(a) sin 

VmA a ) 



(i-i)fa 



COS 



«/i<i<^, 



m+2 
2 ' 



m + 2 



|a|=fe 
"■/3=i 

m + 2 



VmA a ) 



and 



2_ 

m 



if m is even and £ is odd, 
otherwise, 

ifj = k = l, 



ifl<k<j<*±±,j^l, 



2.(l n2 -I-I- 
V m \ id 

where B(-,-) is the beta function. 



m+2— 2j V m ' 2 m J 

2^5 ~~ 2^3) 171 is eVen > 1 - k - 3 ~~ 



2 ' 



We obtain ()1.4[) by investigating the asymptotic expansions of an entire function whose 
zeros are the eigenvalues. Sibuya [23] got (jl.3|) by using the first order asymptotic expansion 
of the entire function. 

Next, we let Ne(t), t G R, be the eigenvalue counting function, that is, Ne(t) is the number 
of eigenvalues A of H^p such that |A| < t. Then the following theorem on an asymptotic 
expansion of the eigenalue counting function is a consequence of Theorem 11.21 



Theorem 1.3. Let a G C"" 1 be fixed. Suppose that Re (d ej (a)) = 0forl<j<^. Then 
Ni(t) has the asymptotic expansion 



I m+2 



(1.7) 



lui \ *■ — ' 



1 3 1 

— 7rz I + 0(1), as £ — > oo, 



j=0 
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where the error 0(1) is uniform for any compact set of a G C m_1 . 

Proof. In Theorem II. 71 b elow . we show that |A n | < |A n+ i| for all large n e N. 
Suppose that |A n | <t< |A n +i|. Then since 

2m 2m 
]\ m+2 / ]\ m+2 



n + 1 + —j = yn + —j + O yn m + 2 j , asn^ oo, 
we see from Theorem 11.41 below that |A n+ i| — |A n | = O {n m +^. Thus, 

xr^ = (i - ^-M = ti-& (i + o ) = + o(i). 



t 



1 3-1 



Hence, replacing An m in (|1.4|) by t"~ + O (1), and solving the resulting equation for n 
complete the proof. □ 

Next, we improve the asymptotic expansion ()1.3|) of the eigenvalues A n of Hi p. In partic- 
ular, we will prove the following, which essentially invert (jl.4j) to get A n in terms of n. 

Theorem 1.4. For each a 6 C m_1 , there exist some constants Cj(a) £ C, 2 < j < 
such that 



I m+2 



(1.8) A n = A„,, + 2^ e i( a ) A n,O m +o( A n,0 m * ), ttSU ^+00, 



i=2 

1(71-1 



where the error term is uniform for any compact set of a £ C m , and where 



2m 
m + 2 



> I ^(f + A) (n | 1 
^-'.-n(S)r(l + i)l B+ 2 

and ej(a) ; 1 < j < are defined recurrently by ei(a) = and 

/ . „ \ 



2m 

e,-(a) = 

JV ; m + 2 



e a 



\ a-p=j a-/3=j-r / 

where e(a) = (ei(a), e 2 (a), . . . , e m _i(a)). 

We note for the first summation in the definition of ej(a) that a ■ (5 — j implies aij = 
whenever i > j. Also, for the second summation, we point out that a ■ (3 = j — r < j — 2 
implies ctj = whenever i > j — 1. 

The asymptotic expansions of the eigenvalues of .f/^p with ^ = |_ttJ and £ = 1 have been 
studied by a number of people. For example, Maslov (T^j computed the first three terms of 

3 

asymptotic expansions of An, where A n are the eigenvalues of 

d 2 



dx 2 



u + xu = Xu, ueL(R). 



Helffer and Robert ^3] considered 



d 2k 

-u + x 2m u + p(x)u = Xu, u G L" 



dx 2k 

where k, m are positive integers and where p{) is a real polynomial of degree at most 2m — 1. 
They obtained existence of asymptotic expansions of eigenvalues to all orders, and suggested 
an explicit way of computing the coefficients of the asymptotic expansion. In particular, for 
the case when the potential is ex 4 + x 2 , e > 0, Helffer and Robert I15J computed the first 

3 

nine terms of the asymptotic expansion of An- 

Fedoryuk f2J §3.3] considered with complex polynomial potentials and with (jl.2j) 
for I = [ttJ , and showed the existence of asymptotic expansions of the eigenvalues to all 
orders. Note that there appear to be typographical errors in [T2J §3.3]. For example, when 
m is even (and I — y) the leading coefficient of the asymptotic expansion of \ n in [T2*l 

( m+2 2m 
\ 2m / v / 7rr('-+— ) \ m+2 

2 r^ij J > which is different from ( r(i+ 1 ') J found in [T] and again 

in Theorem 11.41 above. 

Next, we point out some differences between work of Fedoryuk ^21 §3.3] and the present 
work. Fedoryuk ^21 §3.3] showed the existence of asymptotic expansion of the eigenvalues to 
all orders while we do not. On the other hand, we treat all decaying boundary conditions (jl.2|) 
with 1 < £ < m — 1, while Fedoryuk O §3.3] studied the case £ = |_ttJ only. Moreover, we 
computed more coefficients ej(a) explicitly, and our methods are different from Fedoryuk's. 

Inverse spectral problem. Here, we introduce results on inverse spectral problems, but 
first the following corollary is an easy consequence of Theorems 11.21 and 11.41 regarding how 
the coefficients of the asymptotic expansions depend on a G C m_1 . 

Corollary 1.5. Let 1 < j ' < be a fixed integer. Then we have the following. 

(i) dij(a) and ej(a) are polynomials in a±, 02, ■ ■ ■ , 

(ii) dij(a) and ej(a) do not depend on Oj+i, ■ ■ ■ , o-m-i- 

(iii) // (j — 1)£ is a multiple of m, then dij(a) = 0, and ej(a) does not depend on aj. 

(iv) // (j — 1)£ is not a multiple of m, then dij(a) and ej(a) depend linearly on aj. 

Proof. Statements on d(j(a) are direct consequences of the definition of dij(a) in Theorem 
11.21 One can use statements on dgj(a) and induction on j to prove statements on ej(a). □ 

Next, one can reconstruct some coefficients of the polynomial potential from the asymp- 
totic expansion of the eigenvalues. 

Theorem 1.6. Let 1 < j < be a fixed integer. Suppose that is known whenever 
1 < k < j and (k — 1)£ is a multiple of m. If {j — 1)£ is a multiple of m, then the asymptotic 
expansions of the eigenvalues X n of H^p of type (|1.8J) with an error term o In m + 2 ] uniquely 
and explicitly determine aj. 
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Proof. From the asymptotic expansion of the eigenvalues, one gets e 2 (a), e 3 (a), . . . , ej(a) that 
are explicit polynomials in a%, 02, . . . , cij. Then since we know if (k — 1)1 is a multiple of 
m, Corollary 1 1 . 51 savs that we can find all ai, 02, • • ■ , □ 

Applications to PT-symmetric potentials. One says that H^ p is PT-symmetric if the 
potential V satisfies V(—z) = V(z), z G C, that is equivalent to a G R m . Here, we 
prove the partial reality of the eigenvalues A n of PT-symmetric H^p. But first, we show the 
following theorem, regarding monotonicity of modulus of A n for all large n G N. 

Theorem 1.7. For each a G C m_1 i/iere exists M > suc/i that \\ n \ < |A n +i| if n > M. 

Proof. See Theorem 3 in [2H] for the proof of the case when £ — 1. One can see that proof 
of Theorem 3 in [23] can be easily adapted for the cases when 2 < I < m — 1. □ 

Now we are ready to prove the following theorem on the partial reality of the eigenvalues 
A n of H^p. 

Theorem 1.8. Suppose that a G M m_1 . Then all but finitely many eigenvalues of H^^p are 
real and positive. Hence Re (dij(a)) = for all 1 < j < ^rj^, so that the counting function 
formula in Theorem \l.!A is valid. 

Proof. When H^ p is "PT-symmetric (i.e., a G IR" 1 " 1 ), u(z, A) is an eigenfunction associated 
with an eigenvalue A if and only if u(— z, A) is an eigenfunction associated with the eigenvalue 
A. Thus, the eigenvalues either appear in complex conjugate pairs, or else are real. So 
Theorem II . 71 implies Theorem 11.81 □ 

In recent years, these PT-symmetric operators have gathered considerable attention, be- 
cause ample numerical and asymptotic studies suggest that many of such operators have 
real eigenvalues only even though they are not self-adjoint. In particular, the differential 
operators H with some polynomial potential V and with the boundary condition (|1.2|) have 
been considered in IH UHl 1201 12H 1221 12H I2Z| and references therein. The rigorous proof 
of reality and positivity of the eigenvalues of PT-symmetric operators with certain classes of 
polynomial potentials and with the boundary condition (jl.2j) for I — 1, was given by Dorey, 
Dunning and Tateo ^U] in 2001 and by the present author (221 m 2002. 

However, there are some PT-symmetric polynomial potentials that produce a finite num- 
ber of non-real eigenvalues [21 El 13 UHl Ulj for some particular classes of polynomial poten- 
tials. So without any further restrictions on the real coefficients a^, Theorem 11.81 is the most 
general result one can expect about reality of eigenvalues of PT-symmetric operators with 
polynomial potentials. 

This paper is organized as follows. In Section |2l we will introduce work of Hille ^H] and 
Sibuya |2H], regarding properties of solutions of (jl.ljl . Also, we introduce entire functions 
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W-x t i(a,\) whose zeros are closely related with the eigenvalues of H e P , due to Sibuya 
(c. f., Section^. In Section^ we then provide asymptotics of the entire function W_ 1)1 (a, A) 
as A — ► oo in the complex plane |2S], improving the asymptotics of W-i t \(a,X) in In 
SectionHl we provide asymptotic expansions of W-\^(a, A) as A — > oo in C. In Section^ we 
investigate how the zeros of W-n(a, •) are related with the eigenvalues of H^p. In Sections^ 
and [3 we prove Theorem II .21 In Section |H1 we prove Theorem II .41 Finally, in the Appendix 
we compute K m jj. in Theorem II .21 that is originally given in terms of certain integrals (J2.8|) . 

2. Properties of the solutions 

In this section, we introduce work of Hille fB] and Sibuya j2Sj about properties of the 
solutions of (jl.lj) . 

First, we scale equation because many facts that we need later are stated for the 
scaled equation. Let u be a solution of (jl-ip and let v(z, A) = u(—iz, A). Then v solves 

(2.1) -v"(z, A) + [(-iy +1 z m + P{z) + \}v(z, A) = 0, 
where m > 3 and P is a polynomial (possibly, P = 0) of the form 

P(z) = a lZ rn - 1 + a 2 z m ' 2 + ■■■ + a m _ lZ , a k G C. 
When £ is odd, (|2.1|) becomes 

(2.2) -v"(z, A) + [z m + P{z) + \}v{z, A) = 0. 

Later we will treat the case when £ is even. 

Since we scaled the argument of u(-, A), we must rotate the boundary condition. We state 
them in a more general context by using the following definition. 

Definition. The Stokes sectors S k of the equation ()2.2|) are 

2kir 



S k = < z e 



arguj 



< - - J> for k G Z. 

m + 



m + 2 
See Figured] 

It is known from Hille jTHJ §7.4] that every nonconstant solution of ()2.2j) either decays 
to zero or blows up exponentially, in each Stokes sector Sk- That is, one has the following 
result. 

Lemma 2.1 (P2J §7.4]). 

(i) For each fceZ, every solution v of is asymptotic to 

(2.3) (const.) z~t exp ± [£ m + P(0 + Ap d£ 

as z —>■ oo in every closed subsector of Sk- 
ip) If a nonconstant solution v of (j2.2j) decays in 6\. ; it must blow up in S^-i U S^+i- 
However, when v blows up in Sk, v need not be decaying in Sk-i or in Sk+i- 
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Figure 1. The Stokes sectors for m = 3. The dashed rays represent argz = ±|, 7r. 

Lemma 12. II (i) implies that if v decays along one ray in Sk, then it decays along all rays 
in Sk- Also, if v blows up along one ray in Sk, then it blows up along all rays in Sk- 
This is essentially why we said in the Introduction that the boundary conditions ()1.2|) with 
1 < I < m — 1 represent all decaying boundary conditions. 

Still with I odd, the two rays in (jl.2j) map, by z i— > —iz, to the rays arg(z) = ± ^~Z2 which 
are the center rays of the Stokes sectors Se+i and S_i+i. Thus, the boundary conditions 

2 2 

(jl.2j) on u become 

v (■, A) decays to zero in the Stokes sector St+i and S e+i . 
When £ is even, we let y(z, A) = v(u~^z, A) so that ()2.1j) becomes 
(2.4) -y"(z, A) + [z m + u^Pioj-h) + w _1 A]y(z, A) = 0, 

where 

uj = exp 



2ni 



m + 2_ 

and hence, u; -12 ^ 2 = — 1. For these cases, the boundary conditions (|1.2|) become 
y(-, A) decays to zero in the Stokes sector Se+2 and S_t. 

2 2 

Next we will introduce Sibuya's results, but first we define a sequence of complex numbers 
bj in terms of the and A, as follows. For A G C fixed, we expand 

(1 + axz- 1 + a 2 z~ 2 + ■■■ + a m . lZ l - m + \z~ m ) 1/2 

OO sl\ 

= i + [ I) K^ 1 + a * z ~ 2 + ■■■+ a m -i^~ m + ^~ m Y 
k=i ^ ' 

(2.5) = i + for large \z\. 



Note that b\, b 2 , ■ & m -i do not depend on A, so we write bj(a) = bj(a, A) for j = 
1, 2, . . . , m—1. So the above expansion without the Az~ m term still gives bj for 1 < j < m—1. 
We further define r m = — ^ if m is odd, and r m = — — — &m +1 (a) if m is even. 

The following theorem is a special case of Theorems 6.1, 7.2, 19.1 and 20.1 of Sibuya 
that is the main ingredient of the proofs of the main results in this paper. 

Theorem 2.2. Equation with a G C m_1 ; admits a solution f(z, a, A) with the following 

properties. 

(i) f(z, a, A) is an entire function of z, a and A. 

d_ 



(ii) f{z, a, A) and f'(z, a, A) = -§zf{z, a, A) admit the following asymptotic expansions. 



Let e > 0. Then 

f(z, a, A) = z r ™ (1 + 0(^~ 1/2 )) exp [-F(z, a, A)] , 
f(z, a, A) = - (1 + 0(^/ 2 )) exp a, A)] , 

as z tends to infinity in the sector \ &rgz\ < — e, uniformly on each compact set 
of (a, X) -values . Here 

F(z,a,X) = -^—z^ 1 + Y b 3 {a)z^ m+2 - 2 ^. 

y ' ' ' m + 2 ^ m + 2-2j n ' 

i<i<f+i 

(iii) Properties (i) and (ii) uniquely determine the solution f(z, a, A) of 

(iv) For each fixed a 6 C™^ 1 and 5 > 0, f and f also admit the asymptotic expansions, 

(2.6) /(0, a, A) =[1 + o(l)]X- 1 ^ exp [L(a, A)] , 

(2.7) /'(0, a, A) = - [1 + o(l)]A x / 4 exp [L(a, A)] , 

as A — > oo in i/ie sector | arg(A)| < 7r — <5 ; uniformly on each compact set of a G C m_1 ; 

m+l 



L(o, A) 



/ m+l \ 

J +o ° f v/t m + P(t) + A - tf - E i= 2 i b^tf-n dt ifm is odd, 
J +o ° (v/t m + P(t) + A - tf - J2f=i bj(a)t^- j - if m is even. 

v) The entire functions X \— > /(0, a, A) and A i— > /'(0, a, A) have orders h + — . 



Proof. In Sibuya's book see Theorem 6.1 for a proof of (i) and (ii); Theorem 7.2 for a 
proof of (iii); and Theorem 19.1 for a proof of (iv). Moreover, (v) is a consequence of (iv) 
along with Theorem 20.1 in Note that properties (i), (ii) and (iv) are summarized on 
pages 112-113 of Sibuya [22]. □ 



Remarks. (I) Uniformness of the error term in Theorem ll.2l is essentially due to uniformness 
of error terms in ()2.6|) and (|2.7|) . One can check this by carefully following our proofs. In 
this paper, we omit this part of the proof. 
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(II) Throughout this paper, we will deal with numbers like (u u \) s for some s 6 K, and 

2m 



v G C. As usual, we will use 

uj v = exp 
and if arg(A) is specified, then 

arg ((a/A) s ) = s [arg(a; l/ ) + arg(A)] = s 



m + 2 



Re(u) 



2tt 



+ arg (A) 



m + 2 

If s G" 1i then the branch of A s is chosen to be the negative real axis. 



s e 



Next, we provide an asymptotic expansion of L in 
1 < k < j < 

k\ 



i 

2 

k I — ' ^l!^2! ■ ■ -i s 

tiH \-i s =k 

hji-\ H s js=j 



-a 11 a 12 



But first, we recall that for 



7 \a\=k 
a-/3=j 



Then 



Also, we define 



k=l 



(2.8) 



K„ 



m,j,k 



Jo 

Jo 



OO / ^mk-j 



00 / t 



(t m +iy 

m fc_™ 1 



=-f-r - t~-3 ) dt, 1< k < j < f or k = j 



(t m + l) fc_ 2 



£y - £ )dt, 1 < A; < j 



m+2 



> for m even, 



and define 



(2.9) K m>0 (a) = K m = K mfifi , K mJ (a) = ^ b j!k (a)K mJjk , l<j< 



m + 2 



k=l 



See Appendix for K m j t k in terms of some gamma functions as in Theorem 11.21 

Lemma 2.3. Let m > 3 and a G C m_1 fre /ixed. Then there exist constants K m j(a) G C, 
< j < f + 1, such that 



E ? = 2 o K mj (a)\^ + 0[\\\ 



L(a, A) 



i 

2 m 



— + 1 

E/=o K m>j {a)X 



i/ m is odd, 



,„ ln(A) + OHA| m) if mis even, 
as A — > oo m i/ie sector | arg(A)| < 7r — 5, uniformly on each compact set of a G C m_1 . 



Proof. See for a proof. 



□ 

Sibuya proved the following corollary, directly from Theorem 12.21 that will be used 
later in Sections El and |U 
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Corollary 2.4. Let a G C m_1 be fixed. Then L(a,X) = K m X^ + ™(l + o(l)) as X tends to 
infinity in the sector | argA| < n — 5, and hence 

(2.10) Re (L(a, A)) = K m cos arg(A)) | A|*+£(l + o(l)) 

as X ^ oo in the sector | arg(A)| < 7r — 5. 

In particular, Re (L(a, A)) — > +oo as A — > oo in any closed subsector of the sector 
|arg(A)| < ^rg- In addition, Re (L(a, A)) — > — oo as A — > oo m any closed subsector of 
the sectors < | arg(A)| < 7r — 5. 

Based on Corollary 12 A\ Sibuya |23 Theorem 29.1] also proved the asymptotic expansion 
()1.3|) of the eigenvalues of Hgp for £ = 1. 

Also, Sibuya constructed solutions of ()2.2|) that decays in S k , k G Z. Before we 
introduce this, we let 

(2.11) G\a) := {u {m+1)£ a 1 ,u me a 2 , . . . , A m -i) for £ G ^Z. 
Then we have the following lemma, regarding properties of G e (-). 

Lemma 2.5. For a G C" 1 " 1 /ixed ; and £ U £ 2 J G 5Z, G^(G l2 (a)) = G^+* 2 (a) ; ana 1 

^(C(a))= U «-)'-n, t (a), ^Iz. 

IfieZ then 

bjiG^a)) =u~ j %{a). 

Next, recall that the function f(z, a, A) in Theorem 12.21 solves ()2.2|) and decays to zero 
exponentially as z — > 00 in S , and blows up in S-i U 5i. One can check that the function 

fk(z, a, A) := /(a;-^,G fe (a),a; 2fc A), k G Z, 

which is obtained by scaling /(z, G h (a), u) 2k X) in the z-variable, also solves ()2.2|) . It is clear 
that / (-z, a, A) = f(z,a,X), and that f k (z,a,X) decays in 6\ and blows up in S k -i U S k+ i 
since /(z, G fe (a), u 2k X) decays in S . Since no nonconstant solution decays in two consecutive 
Stokes sectors (see Lemma l2~T1 (ii)), fk and f k+ \ are linearly independent and hence any 
solution of (J2.2j) can be expressed as a linear combination of these two. Especially, for each 
k G Z there exist some coefficients C k (a, A) and C k (a, A) such that 

(2.12) f k (z, a, A) = C k (a, X)f (z, a, A) + C k (a, A)/_i(z, a, A). 
We then see that 

, 01Q n ^ / u jMo, A) ~ W fc ,o(a,A) 

(2.13) Cfc(a, A) = — — - — - — — and Cfc(a, A) - 



W-i,o(M) ^ ' W_i, (a,A)' 

where = /j/g — /jjfr is the Wronskian of fj and fa. Since both /j, are solutions of the 
same linear equation ()2.2j) . we know that the Wronskians are constant functions of z. Also, 
f k and f k+ i are linearly independent, and hence W kk+ \ 7^ for all k G Z. 
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Also, the following is an easy consequence of (|2.12|) and ([2. 13)1 . For each k, I G Z we have 
Wi ifc (a, A) = C k (a, X)W efi (a, A) + C k (a, X)W e> . 1 (a, A) 

1 ' J W-i,o(a,A) + W_i j0 (a,A) 

Moreover, we have the following lemma that is useful later on. 

Lemma 2.6. Suppose k, j 6 Z. T/ien 

(2.15) W k+ljj+1 (a, A) = w" 1 ^^^)^^), 

and W ,i(a, A) = 2u^ a ), w/i ere 

//(a) = 



, if m is odd, 
— 6™ + i(a) if m is even. 

Proof. See Sibuya (2H1 pages 116-118]. □ 

We let is (a) = j — /i(a), that is, 

/ 01 m f \ S if m is odd, 

(2.16) i/(a) = < , /x .r 

v ' I "f 1 +H a ) " 171 1S even - 

3. Asymptotics OF W-i^a, A) 

In this section, we introduce asymptotic expansions of W-i^a, A) as A — > oo along the 
rays in the complex plane [2*3*] . 

First, we provide an asymptotic expansion of the Wronskian Wo,j(a, A) of f and fj that 
will be frequently used later. 

Lemma 3.1. Suppose that 1 < j < y + 1. T/ien /or eac/i a 6 C m_1 ; 

(3.1) W j(a,A) = [2toH + (l)]exp [L(G J (a), u; 2 ^ m - 2 A) + L{a, A)] , 
as A — > oo m i/ie sector 

(3.2) -7T + (5 < 7T - + 6 < arg(A) < tt - 5. 

m + 2 

Next, we provide an asymptotic expansion of W_i i(a, A) as A — > oo in the sector near the 
negative real axis. 

Theorem 3.2. Letm>3, ae £ rn ~ l and < 5 < ^ be fixed. Then 

(3.3) W-!,i(a, A) = [2i + o(l)] exp [L(G _1 (a), cj- 2 A) + L(G(a), uT m A)] , 

as A — > oo along tae rays in the sector 

Arc Atc 

(3.4) tt + 5 < arg(A) < ir + 5. 

v; m + 2 -&V7- m + 2 

Proof. This is an easy consequence of Lemma f3.ll with j = 2 and (J2.15j) . □ 
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Also, for integers m > 4 we provide an asymptotic expansion of H / _x i i(a, A) as A — > oo in 
the sector | arg(A)| < % — S. 

Theorem 3.3. Let a G C m_1 and < 5 < 2(m ?r +2) 6e /ixed. If m > A then 

W_i,i(a, A) = [2c^+^ + o(l)] exp [L(G- X (a)> w~ 2 A) - L(a, A)] 

(3.5) + [2^^+^)+ 2 ^ Q ) + o(l)] exp [L(G(a), w 2 A) - L(a, A)] , 

as A — ► oo in i/ie sector 

(3.6) -7T + 5 < arg(A) < ?r - 6. 

We provide an asymptotic expansion of W-i 7 i(a, A) as A — ► oo along the rays in the upper 
half plane. 

Corollary 3.4. Let m > 4, a <E C m_1 and < 5 < be fixed. Then 

W- ltl (a,\) = [2w3+a*W + (i)] exp [L(G~ 1 (a),cj- 2 A) - L(a, A)] , 
as A — > oo in tae sector 5 < arg(A) < 7r — 8. Also, 

W_i,i(a, A) = [2u;5+mW+M«) + o(l)] exp [L(G(a), u; 2 A) - L(a, A)] , 
as A — > oo in tae sector —n + 5 < arg(A) < —5. 

Proof. We will determine which term in (13.5)1 dominates in the upper and lower half planes. 
Since, by (|2~TO|) . 

Re (L(o, A)) = K m cos f arg(A)) |A|^(1 + o(l)), 

\ 2m / 

we have 

[Re (L(G _1 (a),u;~ 2 A)) - Re (L(a, A))] - [Re (L(G(a),uj 2 X)) - Re (L(a, A))] 



, 2vr m + 2 \ /2tt m + 2 
cos I 1 arg(A) — cos I 1 arg^A) 



m 2m / V m 2m 



|A|3+m(l+o(l)) 



2AT m sin (^j sin fl^arg(A)) |A|^(1 + o(l)). 



Thus, the first term in ()3.5|) dominates as A — > oo along the rays in the upper half plane, 
and the second term dominates in the lower half plane. This completes the proof. □ 

Proof of Theorem \3.i\ In (231, C(a,X) is used for ^^4^^ and asymptotics of C(a, A) are 
provided. Notice that W_i,i(a,A) = 2a/ t(a) C(a, A). 
Theorem 13 in [23J implies ()3.5)1 for the sector 

4|?|7T 4tt 

(3.7) TT - -^L- + 6 < arg(A) < tt - S. 

v/ m + 2 - b\ j - m + 2 
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Theorem 14 in implies that 

W_i,i(a,A) =[2cj2+M») + (!)] exp [L(G _1 (a),a; _2 A) - X(a, A)] 

+ [ 2w i+ 2 M«)+^W + (i)] exp [-L(G 2 (a),a; 2 - m A) - L(a, A)] , 

as A — > oo in the sector % — ^2 + <5 < ar g(A) < tt — <5. One can check that the first term 
dominates in this sector, by using an argument similar to that in the proof of Corollary 13.41 
Also, Theorem 15 in [2S] implies that 



W- lfl {a,X) = [2u 1+2 ^ a) +o(l)] exp [-L(a, uj- m - 2 X) - L(~ 2 (a), uT 4 A)] 

+ [ 2w £+a»(«)+M«) + o(l)] exp [L(G(a),uj- m X) - L(a, u;- m ~ 2 A)] , 

as A — ► 00 in the sector 7r + 5 < arg(A) < n + -^r, ~~ ^- One can cnec k that the second 
term dominates in this sector. Then we replace A by uo m+2 X to convert the sector here to 
— 7r + 5 < arg(A) < — n + — 5. This completes the proof. □ 

Theorem 3.5. Let m = 3 and let a 6 C m ~ l and < 5 < be fixed. Then 

W-i tl (a, A) =[-2u~i + o(l)] exp [L{G\a), cj~ 2 A) - L{a, A)] 

- [2iuj^ + o(l)] exp [-L(G 2 (a) 1 uj- 1 X) - L(a, A)] , 

as X — > 00 in the sector —5 < arg(A) < ty — 5. Also, 

W-i t i(a, A) =[-2iu% + o(l)] exp [-L{a, lj- 5 X) - L(CT 2 (a), cj- 4 A)] 
+ [2uj¥ + o(l)} exp [L(G(a),u~ 3 X) - L(a, oo~ 5 X)] , 

as X — ► 00 in the sector n + 5 < arg(A) < 5. 

Proof. See Theorems 14 and 15 in for a proof. □ 

4. Asymptotics of W-i >n (a : A) 

In this section, we will provide asymptotic expansions of W_i )n (a, •), zeros of which will 
be closely related with the eigenvalues of H n P . 
First, we treat the cases when 1 < n < [yj- 

Theorem 4.1. Let 1 < n < be an integer. Then W_i >n (a, •) admits the following 

asymptotic expansion 

(4.1) W-i, n (a,X) = [2cu^ + ' t(Gn " 1(a)) + o(l)]exp [L(G-\a), u' 2 X) - L{G n -\a), u 2 ^X)] , 
as X — > 00 in the sector 

2(n — l)n „ . , Ann 

4.2 - 1 > + 5 < arg A < vr - — — + 5. 

m + 2 m + 2 
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Also, 



W- 1>n {a, A) = [2u^ + " {G {a)) + o(l)] exp ^((T^a), u;~ 2 A) - L{G n ~ x (a) , a; 2(n-1) A)] 

(4.3) + [2a;V+^ G_1 ( a » + o(l)] exp [L(G n (a), cu 2n A) - L(a, A)] , 

as A — ► oo m i/ie sector 

2 ( n ~ l > r ^ 2(n-l)7T . 

(4.4) i - 5 < arg(A) < — + 5. 

K J m + 2 - By j - m + 2 

Proof. First we will prove (|4.1|) for the sector 

2(n — l)n „ . . 4ri7r 

(4.5) - 1 > + 5 < arg(A) < vr - — — - 5 

m+2 m+2 

and the second part of the theorem by induction on n. 

The case when n — 1 is trivially satisfied by Theorem 13.31 and Corollary 13.41 since /i(a) + 
2i/(o) = /u(G -1 (a)). 

Suppose that (|4.1j) holds in the sector (|4.5|l for n — 1. From this induction hypothesis we 
have 



Wo,n(a,A) = u- L W- lin - 1 (G(a),uj 2 \) 
(4.6) = [2uT V+MG"" 1 ^)) + (!)] exp [ L ( flj A) - L(G n - 1 (a), a; 2(n ^ 1} A)] 



as A — > oo in the sector 



2(n-2)7r r ^ . 2x . ^ 4(n- l)?r . 

+ 5 < arg(u; 2 A) < vr - ^ 5, 



m+2 ~~ ~~ m+2 

that is, 

2nn . . , , 4n7r 

4.7 — + 5 < arg A < vr - — — - 5. 

m + 2 m + 2 

Also, from Lemma f3. II if 1 < j < y + 1, then we have 
(4.8) W j(o, A) = [2iw~* + (1)] exp [L(G J (a), a; 2j '- m - 2 A) + L(a, A)] 

as A — ► oo in the sector 

n ^i]L — \-S < arg(A) < 7r — 8. 

m + 2 

We solve ()2.14j) for We-i(a, A) and set I = n to get 

, An \ w / x ,W- lfi {a,\)W n , k {a,\) W 0>n (a, X)W_ hk (a, A) 

l 4 ' y / W_l n (0, AJ — — r- 1 — 7-r 

Wo )fc (a,A) W Qtk (a,X) 
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Set k = |_f J- Then since 1 < fc - n < fc = [f J , using (JXT5|) . 

w , M _ 2^ G ' 1 W)W , fc _ n (G"(a)^ 2 "A) Wo,n(a,A)W , fc+ i(G- 1 (a),^- 2 A) 
linla ' J ^-i%(a,A) + a;-W , fc (a,A) 

2^(g- 1 W)[2^-V + (l)]exp [L(G n (a),u; 2fc - m - 2 A) + L(G n (a), w 2 "A)] 



+ 



cu"- 1 ^-^ + (l)]exp [L(G k (a),uj 2k ~ m - 2 X) + L(a,X)] 
[2lu- V+MG"- 1 ^)) + (i)] exp [L(a, A) - L(G n-1 (a), co> 2(n-1) A)] 
a;-![2^-t + o(l)]exp [L(G fc (a), u; 2fc ~ m ~ 2 A) + L(a, A)] 
x piaT 4 * 1 + o(l)] exp [L(G fe (a), a; 2fc " m ' 2 A) + L(G'- 1 (a), c^ 2 A)] 
= pwT 2 ^ 0-1 ^" + o(l)] exp [L(G n (a) } oo 2n X) - L(o, A)] 



(4.10) + [2u 



3=s+ M (G»-i(a)) 



+ o(l)]exp [L(G'- 1 (a),cj- 2 A)-L(G ri - 1 (a),a; 2 ( n - 1 )A)] , 



where we used (J4.6[) for Wo 5 „(a, A) and (|4.8|) for everything else, provided that A lies in (|4.7j) 
and that 

4(LfJ-n)7r 



7T 



m + 2 



7T — 



7T 



that is, 



4Lfj7T 

m + 2 

4(LfJ+ih 

m + 2 
2mr 



+ 5 < arg(^ n A) < n - 6 
+ 5 < arg(A) <n -5 



+ 5 < arg(cu _2 A) < tt - 5 



, . . Ann 
+ 5 < arg(A) < vr - 5. 



m + 2 ' m + 2 

Thus, the second part of the theorem is proved by induction. 

Next in order to prove the first part of the theorem for the sector (|4.5|) . we will determine 
which term in (j4.10j) dominates as A — > oo. To do that, we look at 

Re {L{G"\a),uj- 2 \) - L(G n - 1 (a),u 2in - 1) X)) - Re (L(G n (a) , u 2n X) - L(a, A)) 



2vr m + 2 x , 

cos ( 1 argf A) — cos 

m 2m 

2mr m + 2 



2(w-1)tt m + 2 

+ — arg(A) 



m 



2m 



— I cos I 1 — — arg(A) ) — cos I arg(A) 



m 2m 



'nn 

2A m sin ( — 

m 



sm 



2m 



[n-2)n m + 2 

+ — arg(A) 



|A|3+m(l + (l)) 



m 



+ sm h 



2m 
nn m + 2 



(4.11) = 4K m sin 



nn 



m 



n 

cos I — ) sm 

m. 



m 2m 
(n — l)7r m + 2 



arg(A) 



|A|5+-(1 + (1)) 



m 



+ 



2m 



arg(A) |A|»+»(l + o(l)), 



that tends to positive infinity as A — > oo (and hence the second term in f)4. lOj) dominates) if 



2(n-l)7r 
m+2 



+ 5 < arg(A) < n - - 5 
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We still need to prove (j4.1|) for the sector 

Ann 



(4.12) 



7T 



— 5 < arg(A) < 7r 



Anir 
m + 2 



m + 2 

for which we use induction on n again. 
When n — 1, ()4.1|) holds by Lemma f3. 41 

Suppose that flUJ) in the sector pTT^l for n - 1 with 2<n< [f J . Then (I2~TH|) and (Oil 
with = n + 1 yield 

2^ 1 W)^ 1 (G"(a), W 2 "A) , W_ 1 , n _ 1 (G(a),a; 2 A)Wo,„ +2 (G'- 1 ( a ),a;- 2 A) 



W-i,«(a,A) 



W , -W , n+ i(a,A) 



W , n +i(a, A) 



If 7,- _ Jozl _ 5 < arg (A) < 7T - i^L + S then 7T - - 5 < arg(w 2 A) < vr - + S. So 

m+2 — o\ / — m+2 ' m+2 — ov ' — ... > 



m+2 



(4.13) 



^(c-'MKMCta)) ^ 1 ,^ 1 (G(a),a; 2 A)iy , n+2 (^ 1 (a),a;' 2 A) 

-l,nV a ; ) LU n-l Won+l{aA) + Wo,n+l(M) 

4u;At (G- 1 (a))+^(G n («)) 



+ 



u^ftiuj-^ + o(l)}exp[L(G n+1 (a),uj 2n - m \) + L(a, A)] 
^V+MG- 1 ^)) + (i)]exp [L(a, A) - L(G n ~ 1 (a) , u; 2 ( n_1 ) A)] 



[2icj-^ +o(l)]exp [L(G»+ 1 (a),w 2 »-™A) + L(a,A)] 



x [2iuT^ +o(l)]exp [L(G"' +1 (a),^ 2n - m A) +L(G- 1 (a),a;- 2 A)] 

= [_ 22U ; 1 2 Ii +MG- 1 (a))+MG"(a)) + (1)] eX p [- L(G n+1 (d) , U) 2n ~ m X) - L(d, A)] 

+ ^V+M^- 1 ^)) + (i)] exp [L^a),^) - L{G n -\a),L0 2 ^ A)] , 

where we use the induction hypothesis for W_i i?l _i(Cr(a), a; 2 A) and use (j3.1|) for W ,n+i( a j A) 
and Wo,n+2(C _1 (a), u;~ 2 A). Next, we use an argument similar ()4.11|) to complete the induc- 
tion step. Thus, the theorem is proved. □ 

Next we investigate Wo,L^J ( a > A). 

Theorem 4.2. If m > A is an even integer, then 

vy_i jLf j(a, A) = _[2^ 2 +^ 1 w)+MG^(a)) + ^ exp r_ L(G ni±2 (a)) A) _ L ^ A) 

m — 2 r _ ~ 

(4.14) - [2a; 2+ ^ a)+ ^ (G ^ (a)) + o(l)]exp -L{G^ (a), u/ m ~ 2 A) - L(G m {a), u m ~ 2 \) 

as A — > oo m i/ie sector 



(4.15) 



47T 



— 7T 



m + 2 

If m > A is an odd integer, then 



S < arg(A) < — 7r 



An 



m + 2 



+ 5. 



WLi iL mj(a,A) = [2w* + o(l)] exp -Z^C^a), u;~ x A) - L(o, A) 
(4.16) + [2u4 + o(l)] exp [L(G m+1 (a), ^ 2 A) - £(G^(a), a/"- 3 A) 
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as A — > oo in the sector 

4:71 Qtt 

-tt + + 5 < arg(A) < -tt + + 5. 

m + 2 ~~ w m + 2 

Proo/. We will use (ftT3|) with n = [f J , that is, 

4u; MG-»)+MG^ J (a)) W_ liLfJ _ 1 (G'(a),a; 2 A)W / o,Lfj+2(G'- 1 (a),^- 2 A) 
W_Uf J ( °' A) = a;LTJ-iWb, L?J+ i(a > A) + ~ Wb, L? j + i(a, A) ' 

When m is even, say m = 2k, 

W Q>k+2 {G-\a)^- 2 \) = W m+2M2 {G-\a),uj- 2 X) 

= u~ 2 W^ 1 (G k+2 (a),u 2 X). 

So 

4^(c-Ma))+MG*(«)) Ty_ 1 , fc _ 1 (G(fl),o; 2 A)Wo, fc+2 (G- 1 (a),a;- 2 A) 
1>fela ' j ^-W , fe+1 (a,A) + ^ , fc+ i(a,A) 

_ ^(G^WHMG^a)) _ 1 (G(a), cu 2 A)iy_i, fc _ 1 (G' fc+2 (a), iu 2 A) 

^-W , fc +i(a,A) a; 2 Wo, fe+ i(a, A) 

Since A lies in fH~T5j) . 

2 (L^J — 2) vr , Stt 4 (Lf J - 1) tt < x 
1 o < — 7r H o < arg(c<j A) < 7r ^= h o. 



m+2 m+2 ' m+2 

W- 1)k (a, A) 

^(G-Haij+MtGna)) W-i yk -i(G(a) , UJ 2 X)W 0:k+2 (G~ 1 (a) , U~ 2 X) 

u k ^W , k+ i(a,X) + W ^+i(a,A) 

^.(g^Ml+M^M) W^ k _ 1 (G(a),u 2 X)W^ 1 ^ l (G k+2 (a),u 2 X) 

w fc -W , w (fl,A) a; 2 Wo, fc +i(a,A) 
4w M(G'- 1 («))+^(G'=(a)) 

~ w*" 1 ^-** 1 +o(l)]exp[L(G fc + 1 (a),cu 2fc - m A) + L(a, A)] 

w 2 [2^"^ + o(l)] exp [L(G fc+1 (a),a; 2fe - m A) + L(a, A)] 
x [2 a; i ¥+M^(a)) + o(1 )] exp [L(G fc+1 (a),A) -L(G 2fc (a),^- 1 )A)] 

= [_ 2 ^^^+^ 1 ( a )) + ^ Gfc ( a )) + o(l)] exp [-L(G fc+1 (a), A) - L(a, A)] 

- [2^ 2 ^+M(G fc - 1 W)+MG 2 ' : (a)) + (i)] exp [-L(G fc - 1 (a),a; 2 ( fe - 1 )A) - L(G 2fc (a), a/^A)] 
= _[2^^+MG- 1 (a))+MG fc (a)) + o(1)] exp [_ L(G fc+i( a)) A) _ L ( a> A) ] 

- [2z^^ + ^ + ^ Gfc ~ 1 ^) +o(l)]exp [-L(G fe - 1 (a),a; 2 ( fc - 1 )A) - L(G 2fe (a), a; 2 ^ 1 ^)] , 

where we used P~T]) for VF_i jfc _i(G f (a), •) and W / _i >fe _i(G' fc+2 (a), •), and (pHj) for W 0>fe+1 (a, •)• 
Finally, we use u ^~ = —i, to get the desired asymptotic expansion of W-i^zaj (a, A). 
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Next we investigate the case when m is odd, say m = 2k + 1 (so |_yj = k). 

W ,Lf j+i(a, A) = u^W-x^ru j (G(a), a; 2 A) 

and 

WW^K^A) = ^(G-'W.w-'A) 

= -^- fc - 2 ^ + i(G fc+1 (a),a; 2fc+2 A) 
= w-3W ,fc+i(G !fc+1 (a),a;- 1 A). 
Similarly to the proof of the theorem for m even, 

^(G-'M^M) iy_ 1 , fc _ 1 (G(a),o; 2 A)iyo, fc+2 (G- 1 (a),a;- 2 A) 
lMa ' J ^-W 0>fe+ i(a,A) + Wo^+i(a,A) 

4u; MO))+MG fc W) ^ 1 , fc _ 1 (G , (a),a; 2 A)iyo, fc+1 (G ,fc+1 (a),a;- 1 A) 
w fc ~ 1 Wo,fc+i(a, A) w5% + i(a, A) 

4a;M (G- 1 («))+^(G fc (a)) 

" w*" 1 ^-** 1 + o(l)]exp[L(G' fc + 1 (a),u; 2fc - m A) + L(a, A)] 
[2cJ 3^ +M G fc - 1 W) +0 (i)] eX p [L(a, A) - L(G h ~ 1 (a),uj 2( - k ~^\)] 
u 1 * few-*? + o(l)] exp [L(G fc +!(a), cu 2fc - m A) + L(a, A)] 
x [2iuT^ +o(l)]exp [L(G 2fc+2 (a), w 2 *"" 1 "^) + L(G fc+1 (a), uT 1 *)] 
= [_2^+MG->))+MG fc (a)) + o(1)]exp [_L(G*+ 1 ( a ),w- 1 A) - L(a, A)] 

+ [2 w 2 ^+"( Gfc - 1 (°)) + o(l)] exp [L(G 2fc+2 (a),^ 2 A) - L(G fe_1 (a), a; 2(fe_1) A)] 

= -[2zu^+T + (1)] exp [-L(G fc+1 (a), a;" 1 A) - L(a, A)] 

+ [2a;^+x + o(l)] exp [L(G 2k+2 (a) , u~ 2 X) - L(G h ~ 1 (a),uJ^ k '^X)] , 

where we use f)4.1j) for W_i )fc _i(G f (a), •), and use (|3TT|) for W 0>k+ x(a, •) and K / ,fc+i(G' fe+1 (a), •). 
Finally, we use tu^i 1 = i, to get the asymptotic expansion of W-i 1 [m.j(a, A). This completes 
the proof. □ 

The order of an entire function g is defined by 

log log M(r,g) 
hm sup : , 

r^oo log T 

where M(r,g) = max-fl^re* 9 ) | : < 9 < 2n} for r > 0. If for some positive real numbers 
a, Ci, C2, we have expfcir ] < M(r,g) < exp[c 2 r CT ] for all large r, then the order of g is a. 

Corollary 4.3. Let 1 < n < y. Then the entire functions W-i )Tl (a, •) are of order ~ + — , 
and hence they have infinitely many zeros in the complex plane. Moreover, W-i )n (a, ■) have 
at most finitely many zeros in the sector 



2(n-l)n . An 

' + 5 < arg(A) < vr + 5. 



m + 2 ' m + 2 
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5. Relation between eigenvalues of H i)P and zeros of W_ 1(n (a, •) 

In this section, we will relate the eigenvalues of Hgp with zeros of some entire function 
W_i lft (a,.). 

Suppose £ = 2k — 1 is odd with 1 < £ — 2k — 1 < m — 1. Then (jl.lj) becomes (|2.2jl by the 
scaling v(z, A) = u(—iz, A), and A) decays in the Stokes sectors S-k and S k . Since f k -i 
and are linearly independent, for some D k and D k one can write 

J_ fe (^, a, A) = D fc (a, X)f k -i(z, a, A) + D fe (a, X)fk(z, a, A). 

Then one finds 

W- fc , fe (a, A) ~ W_ fc|fc _i(a, A) 

Dfc a ' A = u7 T^T and Dk a ' A = "Ti7 T^V- 

VKfc-i.fcla, A) Vy fc ,fe-i(a, A) 

Also it is easy to see that A is an eigenvalue of Hg^p if and only if D k (a, A) = if and only 
if W_ k)k (a,X) = 0. Since W_ fcifc (a,A) = u k - 1 W- 1 ,z k -i(G- k+1 (a), u- 2k+2 X), by Corollary IO 
W- k ,k{ a i A) has at most finitely many zeros in the sector — 2< ~^~^ 7r + S < arg(a;~ 2fe+2 A) < 

71 + ^2 ~ tllat iS ' 

4A;7T 

5 < arg(A) < 7T + — - 5. 

m + 2 

This is true for all a G C m_1 fixed. 

Next, by symmetry one can show that Wl^^a, A) has at most finitely many zeros in 
the sector n < arg(A) < 2ir — 6. We look at H^p with P(z) replaced by P(z) whose 
coefficient vector is a := (ai, 02, . . . , a m _i). Then one sees that W-k,k(o>, A) = if and only 
if W-k,k(a, A) = 0. The latter has at most finitely many zeros in the sector 5 < arg(A) < ir. 
Thus, W-k,k(o>, A) has at most finitely many zeros in the sector 7r < arg(A) < 2n — 5, and 
has infinitely many zeros in the sector | arg(A)| < 5 since it is an entire function of order 
5 + ^(0,1). 

Suppose that £ = 2fc is even with l<£ = 2k<m — 1. Then (jl.lj) becomes (|2.4j) by the 
scaling y(z,X) = u(—iu~^z,X), and y(-,X) decays in the Stokes sectors S-k and S k +i- We 
then see that the coefficient vector a of the polynomial a> _1 P(a>~2 z) becomes 

a = G^^(a). 

Now one can express /_& as a linear combination of /& and f k +i as follows. 

f-k(z,a,u A = — — — — — f k {z,a,u A) + — — — — -f k+1 [z, a, u A . 

VVfc,k+i(a,u; i A) PVfc + i jjfc (a,a; L X) 

Thus, A is an eigenvalue of H^p if and only if W-k,k+i(fi, ^ _1 A) = 0. Since 
W_ fc)fc+1 (o,w- 1 A) = ^"^-^(G-^Co), w- 2fc+1 A), 
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by Corollary 14. 3[ W-k,k+i(fli ^ _1 A) has at most finitely many zeros in the sector — 2( -^~^ 7r + 
5 < a ig(u~ 2k+1 \) <7i + T ^-d, that is, 

5 < arg(A) < tt + — - 5. 

m + 2 

This is true for each a G C m_1 . So one can show that W-k,k+i(a, u; _1 A) has at most finitely 
many zeros in the sector n < arg(A) < 2n — 5 by symmetry, similar to the cases when £ is 
odd. Thus, W-k,k+i(a, A) has infinitely many zeros in the sector | arg(A)| < 5. 

6. Proof of Theorem 11.21 when 1 < £ < [yj 

In this section, we prove Theorem 11.21 for 1 < £ < [yj- 
We first treat the case when £ is odd. 

Proof of Theorem\TM when 1 < t < [f J is odd. Suppose that 1 < £ = 2k - 1 < [f J • Recall 
that when £ is odd, A is an eigenvalue of .f/^p if and only if W-k,k{o-, A) = 0. Then since 
W-k,k(a, A) has at most finitely many zeros outside the sector | arg(A) | < S, all the eigenvalues 
A of Hi p lie in the sector | arg(A)| < 5 if |A| is large enough. 
Since 

W- k ,k{a, A) = u k - l W^ 2k ^{G- h+ \a)^- 2k+2 \), 
we will use (14 .3J) to investigate asymptotics of large eigenvalues. Suppose that W_k,k( a , A) = 
and |A| is large enough. Then from ()4.3|) with n = 2k — 1, and with a and A replaced by 
G~ k+1 (a) and u~ 2k+2 X, respectively, we have 

[1 + o(l)] exp [L(G k (a), u 2k X) - L(CT fc (a), c^ 2fc A)] 

x exp [L(G k ~\a),uj 2k - 2 \) - L(G' k+ \a),u;- 2k+2 X)] = -u 2 ^ Gk ^ . 

Next the term [1 + o(l)] can be absorbed into the exponential function so that we get 

exp [L(G k (a),uj 2k X) - L(G~ k (a) , u~ 2k X)] 

(6.1) x exp [L{G k -\a),uj 2k - 2 \) - L(G- k+1 (a),uj- 2k+2 X) + o(l)] = -u 2 ^^. 
For each odd integer l<£ = 2k — \ < [yj , we define 

h m/ (X) =L(G k (a),u 2k X) - L(G- k (a),co- 2k X) 

+ L(G k -\a),uj 2k - 2 X) - L(G- k+1 (a),uj- 2k+2 X) + o(l), 
where the error term o(l) is the same as that in ()6.1|) . Then by Corollary 12.41 

, />•> T r ( Mi,' -MIL,' 2(fc-l)7T , 2(fe-l> A m+2 

ft, m ^(A) = K m ( e m 1 - e ™* + e m *-e - *J A *» (1 + o(l)) 

„. r , /. /2A;tt\ . /2A;tt 2tt\\ m +2/i 

= 2zK m sin +sm A^(l + ol 

\ \ m J \ m m J J 

(6.2) = UK m cos (—) sin ( ( 2fc ~ ^ ) A^(l + o(l)) as A -> oo, 

Vm/ \ m 
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in the sector | arg(A)| < 5. Since K m > and < ^ 2k ^ n < 7r, the function h m ^{-) maps the 
region |A| > M\ for some large M\ and | arg(A)| < 5 into a region containing |A| > M 2 for 
some large M 2 and | arg(A) — || < £i for some £i > 0. So there exists a sequence of A n in 
the sector | arg(A)| < 5 such that exp [h m ^(\ n )\ = —u> 2u ( G for all large n G N. 
So, from (j6.1|) . we have 

h m , e (K) = In (-u; 2 ^^) = + 2n + 1^) ttz, for all large n£l 



Thus, since 



lnfc^A) + v v " ln(uT^A) 
m m 

« ln( ^ A) + Kc-^'W) ln(w - a+2A) 

m m 
KG fe (a)) (_ ln( ^ A) + ln(cJ - 2fcA) + ln(w 2 fc -2 A) _ ln(w - 2fe+ 2 A) ) 



m 

8z/(G*(a)) . 

— — 7TZ 

m(m + 2) ' 

from Lemma E31 



6.3 — i — — +2n + l)m= > d t iaU m ) — + oil), 

y ' \ m + 2 J JV ; m(m + 2) v ; 

where for < j < in ^-, the coefficients dej(a) are given by 

d e>j (a) = K m j(G k (a))u 2k (^) - K m ,(G- k (a))u- 2k (^) 

+ K mtj (G k -\a))u 2 ^(^) - K m ,(G- k+ \a))u-^ k -^^) . 

Since £ = 2k - 1, for 1 < j < 

di>j (a) = K m AG^(a))J^(^) _ ^ (G -^(a)) W -^(H^) 
+ K mj (G^(a))J^(^) - K mJ (G-^(a))u-^ + ^) 

where we used Lemma f2.5l along with ()2.9|) . Notice that (j6.2j) shows 

^,o(o) = 4iK mi0 sin I — ] cos f— ^ . 



m J \mJ 



If m is even, then we redefine d t m+2 (a) as the sum of d E m+2 (a) = above and — Au( ~ G r J a ^ ni 
(c. f., equation (j6.3jl ). Finally, note that v(G k (a)) = (— l) k v{a) = r] m ^(a). This completes 
the proof. □ 

Next we prove Theorem 11.21 for 1 < £ < is even. 
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Proof of Theorem U ."A "when 1 < £ < |_ttJ is even. Proof is very similar to the case when 1 < 
£ < LyJ is even. Let £ = 2k for some fceN. 

Recall that A is an eigenvalue of He jP if and only if W_ 1>2 fc(G~ fc+1 (o), u~ 2k+1 X) = 0. Then 
from ()4.3)1 . we have 

exp [L(G k+1 (a),u 2k+1 X) - L(G~ k (a?) , u;-^' 1 X)] 
(6.4) x exp [L(G k (a),u 2k - l X) - L(G~ k+1 (a) , u~ 2k+1 X) + o{\)] = -1, 

where we used [1 + o(l)] = exp[o(l)] again. 

Like in the case when 1 < £ < [yj is odd, from Lemma \2. 31 



m + 2 
2 



(2n + 1) ni = di,j(a)xk +lj + o(l), 

j=0 



where for < j < 



m+2 
2 ' 



d e>j (a) = K m ,(G k+ \a))J 2k+1 ^ +1 ^) - K m ,(G~ k (a))^ 2k+1 ^ + ^) 



A- 1 

i¥+(w)(l+^)_^' l i 1 -^i)(l+^) 



+ K m ,{G k {a))J 2k - l ^ + ^) - K^G^^a))^- 1 ^ 1 ^) 

i , 

^(-l) fc K mj - fc 6 jifc (a) L 

= ii ±(-l fK mJ , t b,Aa) sin (^^) cos (^^) , 
where we used a = G~^(a) and £ = 2k as well. □ 

7. Proof of Theorem II . 21 when £ = [ttJ and when j < I < m — 1. 

In this section, we prove Theorem II .21 for £ = [ttJ • We first prove the theorem when m is 
even, and later, we will treat the cases when m is odd. Then at the end of the section, we 
will prove the theorem when ^ < £ < m — 1, by scaling. 

7.1. When m is even. We further divide the case into when £ is odd and when £ is even. 

Proof of Theorem \l.l\ when m is even and £ = [yj is odd. Suppose that m is even and £ = 
Y = 2k — 1 for some k e N. Since A is an eigenvalue of H^p if and only if W-k^a, A) = if 
and only if W- 1)2k -i(G~ k+1 {a), u~ 2k+2 X) = 0. 

Suppose that W- lt 2k-i(G~ k+1 (a), u~ 2k+2 X) = 0. If |A| is large enough, then from (|4.14|) . 

exp [L(GP k - 1 (a),w 2k - 2 \) - L(G fe+1 (a), uj- 2k+2 X)] 

x exp [L{G k -\a),uj 2k - 2 X) - L(G- k+1 (a), c^ 2fc+2 A) + o(l)] = -a; 4 ^*^. 
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From Lemma 



m + 2 



f8u(G k (a)) \ ^ , . , i+i=i 16(fc-lWG*(a)) 

\ m + 2 / m(m + 2) 



where for < j < the coefficients c^j(a) are given by 

4e» = K mj (G 3fc - 1 (a)V 2 ( fc - 1 )(i + ^ 2 ) -K m ,,(G fc+1 (a))u;- 2 ( fc - 1 )(^^) 
+ K m ,{G k -\a))^ k -^ +1 ^-) - K m ,(G~ k+ \a))u-^-^ +1 -^) 
= K m>j (G 3 -^(a))u^ +1 ^) - K m>j (G^(a))u;-^(^) 

+ iiT mJ (G ! * ( a ))w 2 Is+mJ- K m j(G * (a))^ 2 U + m ) 

r \ f ■■ 3m+2 , m-2 /1 , - m+6 m-2 I 1 , 1-j \ 

= K m j(a) \UJ 4 2 \2 in j — OJ 4 2 U + m J 

■ m-2 j m-2 / 1 , 1-j \ ■ m-2 m-2 / 1 , 1-j \ 

fjj J 4 ' 2 \2' m ) — (jJ-> 4 2 \2' m ) 

4m m j(a) sin ( | cos 



2 / V m 



where we used Lemma l2~Kl as well as some other thing as before. In addition, we used 



■ 3m + 2 . m-2 / 1 , 1-j \ - m + 2 m+2 / 1 , 1-j ' 

(jj 4 2 \2^~ m ) — — (jf 4 2 \2 T m, 



■ m+6 m-2 (1 , 1-j \ ■ m + 2 , m + 2 / 1 , 1-j' 

(7.1) lx)~ 3 ~ —\2+ — ) = J^^ + ^2—\2 + — , 



□ 



Proof of Theorem \1.2l when m is even and £ = |_ttJ is even. Let £ = y = 2k for some k e 
N. Then A is an eigenvalue of ffyp if and only if W^i t2 k(G~ k+1 (a), u~ 2k+1 \) = 0. If 
W_^2k{G~ k+1 (a), u~ 2k+1 \) = and |A| large enough, then from (|Oi|) . 

exp [L((j 3fc+1 (a),u; 2 * ! ~ 1 A) - L((G fc+2 (a), a;- 2fc+1 A)] 

x exp [L(G fc (o),a; a *- 1 A) - L(G- fc+1 (a), u;- 2fc+1 A) + o(l)] = -1. 

Then like before, 

m+2 

(2n + 1) Tri = ^ d £j -(5)Af + ^ + o(l), 
i=o 

where for < j < ^^y 2 -, 

c^(a) = ^(^(a))^ 5 *- 1 ^^) - K mj ((G fc+2 (H))u;-( 2fc - 1 )(^^) 
+ K mJ (G fe (S))a;^- 1 )(^^) - K m ,{G- k +\a))^ k -^+^) 
= ^(a)^) - K m ,,((G^(a)V-^(^^) 
+ iWG"^(a) - K m ,,(G"^(a) ) w " V(H^) 

= 4i£(-l)*J^A*(<0 sin (^^) cos (^^) ■ 
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□ 

7.2. When m is odd. We divide the case into when £ is odd and when I is even. 

Proof of Theorem \l.%\ when m and t = |_ttJ are odd. Let m and I = = 2 k — 1 be odd. 
Suppose that A is an eigenvalue of Hg t p. Since A is an eigenvalue of Hg t p if and only if 
W^2k-i(G- k+1 (a),cu- 2k+2 X) = 0, if |A| is large enough, then from flUEJ), 

exp [L(G k -\a),uj 2k - 2 \) - L(G 3k+1 (a), uT 2fc A)] 

x exp [-L(G k+1 (a),uj- 2k+1 \) - L(G- k+1 (a),uj- 2k+2 \) + o(l)] = -1. 

Then, from Lemma 12 .3| 



m + l 
2 



(2n + 1) ttz = ^ ^j(a)A| +1 - + o(l), 
i=o 

where for < j < m+2 



2 ' 



d ej (a) = K mJ (G 4 ( a ))u 2 U+ ™ J - K m>j (G 4 (a))u 2 m ) 

, „m+S , . . m-1 / 1 i 1— j \ ,„ m-3 . m-3 ( 1 i 1— j \ 

- K m , 3 (G— (a))uj-— (^+— ) _ K mij (G-— (a))uT— U + -sr) 

/ - m-3 , m-3 /1 I 1-jN - 3m + 7 m + l / 1 , 1-J - 

= K m j(a) fa; 4 2 ^ 2 m J — u) 4 

_ • m + 5 _ m-1 / 1 , 1— j \ ■ m-3 _ m — 3 f 1 , 1-j ' 

—k; J 4 2 U^mJ—^jJ 4 2 ^^m. 

. . , '(m-3)(l - j>\ /(m + l)(l-j> 

2iK m>j (a) ( sin ( ^ ^ ^- ) + sin ' 



where we used 



2m / \ 2m 

2iK m j(a) sin cos 

1 2m \ m 



■ 3m+7 m+l / 1 , 1-j \ - m+l m+l / 1 , 1-j ' 

4 2 V. 2 m J = (_J J 4 2 V 2 ' m , 



,„ „s . m+5 m-1 /1 . l-j\ - m+l . m + 1 /1 . 1-j ' 

(7.2) UJ 3 4 2 U+ m J = 4 + 2 U+ m , 



□ 



Proof of Theorem M.'J when m is odd and £ = [yj is even. Let I = ir y^ = 2 A; for some A; G 
N. Then A is an eigenvalue of Hg %P if and only if W-i, 2 k(G~ k+1 (a), u~ 2k+1 \) = 0. If 
W-i i2 k(G~ k+1 (a) , u~ 2k+l A) = and |A| large enough, then from ()4.16j) . 

exp [^(G^a),^-^) - L(G- fc+1 (a),a;- 2 ' c+1 A)] 

x exp [-L(G 3fc+3 (H),a;- 2fc - 1 A) - L(G fc+2 (a), ^ 2fc A) + o(l)] = -1. 

Then, from Lemma f2. 31 



m+l 

2 



(2n + 1) TTi = J2 di,j(a)\k +lj + o(l), 
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where for < j < m ^ L 



2 ' 



d id (a) = K m ,(G k (a))J 2k -^ + ^) - K md ((G- k+1 (a))u-^(^) 

- K m ,(G 3k+3 (a))cu- (2k+1) (^) - K m ,{G k+ \a))uj- 2k ^ +1 ^) 
= K md {G^{a))u^^) - K m>j ((G-^(a))u-^(^) 

- K m ,(G^(a))uj-^ +1 -^) - K mj (G^(a))u-^ + ^) 

= tyifK mM sin ( (W -^- J> ) cos (^) . 



□ 



Theorem 11.21 for 1 < I < y has been proved. Next we prove Theorem 11.21 for y < I < 
m — 1, by scaling z \— > —z. 

7.3. When f <£<m-l. 

Proof of Theorem M.HA when — < £ < m — 1. Suppose that £ > ~. If A) is an eigenfunc- 
tion of if^p, then A) = u(—z, A) solves 

-v"{z, A) + [(-irV^) m - P(-iz)] v(z, A) = Au(z, A), 

and 

ii tt ((m-£) + 1)tt 
v(z) — > exponentially, as 2 — ► oo along the two rays argz = — — ± — . 

The coefficient vector of P(-z) is ((-l)™" 1 ^, {-l) m ' 2 a 2 , (-l) 1 ^^). Certainly, 
sm - — = sin — , sin — — = (-1) 3 sm ' 



m J \m J \ m J \ m 

Also, one can find from f)1.6|) that for 1 < k < j < n '~~ 



2 ' 



M(-l) m ~V, (-l) m - 2 a 2 , . . . , -a ro _i) = (-l) mk -\ k ( ai , a 2 , . . . , a m _ x ). 

Moreover, <i m _£ ,,■((— l) m ~ 1 a 1 , (— l) m ~ 2 a 2 , • • • , — <W-i) = dej(ai, °2, ■ ■ ■ 3 « m -i). This completes 
proof of Theorem 11.21 □ 

8. Proof of Theorem 11.41 

In this section, we prove Theorem II .41 
We begin with 



m + 2 j 



L 1 



d£ : j(a)\n m +o(l), as n — > oo, 
i=o 

I 22+11 



Let 

Introduce the decomposition A n = A n)0 + A n> i, where 

2m 

( 2n + l \ n ,o . 
•Vo = — j 7 x — and - — = o (1) 



d£,o( a ) J \i,0 

Then we have 

1 * i i ; / \ \ o 1 



ij- 1 i,i / Ai\ 2,n « -> iiH / X , \ 2 '» 

i+ 5( 5 ti(a 



L'2 +1 J , . / OO /1 ✓ , x fe\ 



i=i V fc=l 



Thus, 



1 )Ko k J \X nfi 

Lf+iJ 



2 ' J / 00 / 1 1—j \ / \ \ re \ 



and hence 



Lf+1J J r* +3 *h f\ \ k \ /i 



3=1 

Lf +iJ 



1 J 

(8-1) = -7TTX7 £ c i(°)\|- 

(*r) 3=1 

Thus, one concludes = A n 2 + A„ 3 , where 



1 L / _. 

(8.2) A n , 2 = - -TTX7 c i( a )\o and A n ,3 = o A n 

(* + m ) V 

Notice that A„ )2 = since ci(o) = 0. Hence, from (|8.2|) along with (|8.1|) we have 



A «-3 + E tttxv* + E c i( a )v E tw^s + ° for-) 
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Suppose that ^ = +A„ i4 + A„ >6 + • • ■ + X n ,2s + A n , 2s +i, where A n , 2s +i = o (x n ft) and 
A„, 2 t = e t (a)\~™, 2 < t < s < ®& for some e t (a) G C. Then from flHH) 

( 2 A; / ^ n ' 4 ^",2s + A n ,2s+i) fe 

fc=i ^ ' 

+ ^ q,-(a) X) ( 5 A; ™ ) ( A M + • • • + A n , 2s + A n , 2s+1 ) fc + o ^4"' 



Hence, 



i=i fc=i 
Lf+iJ 



/I -u J-\ 
E(fcJ (Am + • ■ ■ + A„, 2 ,) fc 

+ X ^( o )\o X ( 2 k m ) ( a m + • • • + a„, 2s ; 

0—1 ; — 1 \ / 



k 



j=l k=l 



4) ■ C » A J* - (}\ m ) A„, 2s+1 + (a;}" 2 ) + o (aJ* 

3=1 v / 



Next, 



(A n , 4 H h A + A nj2s+ i) 

= (e 2 (a)A;| + e 3 (a)A;| + • ■ ■ + e s {a)\ n f + o (a,~| ) 
= Z (jfej \ e ^ a )Kfl + e 3 (a)A„^ + • • • + e s (a)A n ^J o ^A n>( f j 
'e 2 {a)\ n f + e 3 (a)A~f + ■ ■ ■ + e s {a)\~j ) + (a^T ) 

X M e ii( a ) ne i2( a ) l2 --- e i t ( a r A n,0 m +0 U n 

, . Zi ! • • • w! \ 



iiH Mt=fc 



We use this in (18.4)1 to see that the left hand side of ()8.4j) is a power series in A n . Then 
comparing coefficients of A n , 1 < j < s, we have 

' 1_rN A;! 



5.5) -ci(«)=E(' + /)/( fl ) a +E^) X ( 2 TJ^ e(a) 

|a|=fe V 7 r=l |a|=fc V 

o-/3=j a-/3=j-r 
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Moreover, if < , 

m — 2 m 

such that 
(8.6) 



<- i ^ ^i. e., s + 1 < ^ 



then there exists some constant e s+1 (a) G C 



s+l 



A„,2s+i — e s+ i(a)A n m + o ( A n0 ' 



s + l 



Now we let A„ i2s+ i = A n , 2s+2 + A„ i2s+3 where A n , 2s+2 = e s+ i(a)A n>0 m and A„ i2s+3 = o ( A n(0 n 

If s + 1 > then A n m could be smaller than the error term o ( A„ q m 1 in (|8.4jl . and 
hence we cannot deduce existence of e s+ i(a) like we do in (|8.fij) . This completes proof of 
Theorem 11.41 



Remark. v4 /irst /ew e 3 -(a) are as follows. 



e 2 (a) 
e 4 (a) 
e 5 (a) 
e 6 (a) 



2m d£ j2 (a 



m + 2 d£ j0 (a 
2m dfAa 



m + 2 dgfi(a 
2m de^fa 



m + 2 dtfi(a 
2m diQ^a 



m + 2 difi(a 



e 3 (a) 



2m d A3 (a) 
m + 2 d^o(a) ' 



+ 



+ 



+ 



3m(m — 2) / d^ 2 (a 



m + 2) 2 V^,o( a ) 
4m(m 2 — 3m — 3) d^ j2 (a) 



do (a) 



(m + 2) 3 d^o(a) d^o(a) 



m(m — 6) / d^ 3 (a) 



(m + 2) 2 V^,o(a) 



2m(m — 6) d^ 2 (a) de^(a) ^ mim — 2) (9m 



(m + 2) 2 d £j0 (a) d^o(a) 



3(m + 2) 3 



2) ^ 

d., 



,2 a 



,o(a) 



Appendix A. Computing i^mj,* 
Theorem A.l. Let m > 3 &e an integer. Then 

^ r(i + £) 



^ -ft" 

- £i m - fi m.O 



Vl + t m - ] dt 



2cos(^)r(| + ^)' 

V m / V 2 ml 

Proof. Substitute \/u = y/1 + t m — . Then 

J (yi +t m - dt = p!— J [ii - u)^- 1 ^-^- 1 + (i - m)^- 1 ^--- 1 ) 



d-u 



2™m V \m 2 mj \m 2 m 



where B(z,w) is the beta function. Then we use the following to complete the proof. 



r(z + 1) = zT(z), r(z)r(i - *) = -zr(-z)r(z) 

(A.l) B(z, w) = f\l - uy- l u w - 1 du = V }( )T } W \ , T(2z) 

1 (z + w) 



7T 



sin(7T2;) 







2 2z ~\ ( 1 

— =r(z)r (z + - 

v 7 ^ V 2 



□ 
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m+2 



Theorem A. 2. Let m > 3 and 1 < k < j < 



Then 



imk—j 



\(l + t 



_2_ 

in 



dt 



2fc-l 



I 2.(1*2 i-i 



V m ' 2 m / 



*/ J = = 1, 



2fc-5 2fc 

Proof. The case when j = /c = 1 is an easy consequence of 



3gJ z/ m is even, 1 < k < j 



m+2 



d ( , 



m 



t 



m—l 



2 Wl + t" 1 ) 2 " 



m i 



Suppose that 1 < k < j < j ^ I. Then since 
d ( t mfc ~(j-i) 



dt 1(1 + t m Y 



(mk - (j - 1)) 



-Cj-i) 



^rnk—j 



1, 



we have 



^mk—j 



o Wl + t m )M 



(1 + t r 



t^ 



— - 1 2 J I — m(k ) 



2' ^(l+tm)(fc+l)-i 

m(Jfe - 1) - (j - 1) r° / 



t^~ 



t^~ 



dt 



t m- 3 



r(fc-^)r(i-^) 
r(*-J)r(i-^)7o l(i + t 



t~ 



dt. 



Next, we use the substitution \fu = \/l + t m — t 2 to show 

dt = 



t m-j 



\(l+t m ) 2 



t~ 



T~3 



m 



Bll _awzi),i + wzi) 

m 2 m 



Finally, we use equations in (jA.ljl to complete the proof for 1 < k < j < j ^ 1. 
Finally, if m is even and j = then we use integration by parts, for R > 0, 



i? j.mk~f-l 
(t m + l) fc ~5 



and hence 



Also, one sees that 



dt 



2 ' 

1 £m(fc-l)-f 



jm(t-l)-2-l 



/ f 



m(fc-l)-f--l_ 



(t m + l) (fc 1} 2 



-dt, 



-1 



\(t m + l)^ 3 (jm + l)( fc ^ I 

1 



dt 



m(2fc-3)' 



\(t m +l) 2 t + 



t+1 



dt 



21n2 



□ 
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